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Abstract
We present a finite set of projective measurements that, together with quantum memory and
preparation of the |0〉 state, suffice for universal quantum computation. This extends work of
Nielsen [Nie01], who proposed a scheme in which an arbitrary unitary operation on n qubits can
be simulated using only projective measurements on at most 2n qubits. All measurements in our
set involve two qubits, except two measurements which involve three qubits. Thus we improve
by one the upper bound, implied by Nielsen’s results, on the maximum number of qubits needed
to participate in any single measurement to achieve universal quantum computation.
Each of our measurements is two-valued, and each can be expressed mathematically as a
Boolean combination of single-qubit measurements.
1 Introduction
A major goal of quantum information processing is to find a minimal set of primitive quantum
operations that are simple enough to be implemented easily and yet are universal for quantum
computation. It has long been known that quantum circuits employing gates drawn from small
families of unitary operators can efficiently simulate any “reasonable” quantum computation (on a
time-bounded quantum Turing machine, say) to arbitrarily close approximation [Yao93, BBC+95,
BMPR99].
Nielsen recently proposed a scheme for universal quantum computation where no unitary op-
erators are used at all. Instead, an arbitrary unitary quantum gate on n qubits is simulated by
a protocol involving only projective measurements on 2n qubits, together with quantum memory,
preparation of the |0〉 state, and classical communication [Nie01], thus showing that projective
measurements on at most four qubits suffice for universal quantum computation. We describe his
scheme in Section 2.2.
We build on Nielsen’s idea to show that only a finite set of projective measurements—each on
at most three qubits—are needed for universal quantum computation. We isolate a finite set S of
projective measurements such that
• S is universal for quantum computation (in Nielsen’s framework),
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• all measurements in S involve at most two qubits, except two which involve three qubits,
• each measurement of S is binary, that is, has two possible outcomes (0 and 1, say) with the
same amount of degeneracy for each value, and
• each measurement in S can be expressed as a Boolean combination of results from single-qubit
projective measurements drawn from a set of cardinality four.
(See Section 4 for a summary of the measurements used.) As a corollary, three-qubit measurements
suffice for universal quantum computation.
Our results follow from analyzing Nielsen’s scheme. This scheme simulates an arbitrary n-
qubit unitary operation U (for n ∈ {1, 2}) via a series of complete (nondegenerate) projective
measurements on 2n qubits. We decompose each of these measurements into a sequence of 2n
pairwise commuting binary measurements—extracting one classical bit per measurement. This
decomposition allows some leeway over which projections to combine for each binary measurement.
By choosing the right combinations, we can express our binary measurements in a particularly
elegant form: single-qubit measurement results combined with a Boolean operator. We call such
measurements pseudoseparate. We are able to perform this decomposition into pseudoseparate
measurements to simulate arbitrary one-qubit unitary operations and the two-qubit controlled
NOT (C-NOT) gate. It is with C-NOT that we find that measurements on four qubits are not
needed.
2 Preliminaries
We assume knowledge of the basic concepts and notation used in quantum computation, as found
in, for example, Nielsen and Chuang [NC00].
If A and B are either both vectors or both operators, then we write A ∝ B to mean that A and
B are equal up to a phase factor: A = eiθB for some θ ∈ R.
Let σ0 = I, σ1 = σx, σ2 = σy, and σ3 = σz be the usual one-qubit Pauli spin operators.
Following standard practice, if ~n = (n1, n2, n3) is a vector in R
3, we let ~n·~σ denote n1σ1+n2σ2+n3σ3.
For i, j ∈ {0, 1, 2, 3}, we define [i, j] ∈ {0, 1, 2, 3} to be so that σiσj ∝ σ[i,j]. That is, [i, j] =
[j, i], [0, j] = j, [i, i] = 0, and if i, j ∈ {1, 2, 3} and i 6= j, then [i, j] is the unique element of
{1, 2, 3} − {i, j}.
We define
|EPR〉 = 1√
2
(|00〉+ |11〉), (1)
and for i ∈ {0, 1, 2, 3} define the Bell states
|Bi〉 = (I ⊗ σi) |EPR〉 . (2)
We will be informal and use I to denote the identity operator on any Hilbert space, sometimes
two different spaces in the same equation. Which identity operator is intended should be clear from
the context.
Qubits will often be labeled with numbers 1, 2, 3, . . . , and we will sometimes put numerical
subscripts on quantum states (and operators) to show which qubits they refer to (or act upon).
For example, the state |B0〉13 |B3〉24 can be written out as
1
2
(|0000〉 − |0101〉+ |1010〉 − |1111〉),
2
and the operator U12 ⊗ V34 means “apply U to qubits 1 and 2, and V to qubits 3 and 4.”
Let f : {0, 1}n → {0, 1} be an n-ary Boolean function for n ≥ 1. We say that f is balanced if
f−1(0) and f−1(1) both have cardinality 2n−1.
2.1 Projective Measurements
A projective measurement on a Hilbert space H of n qubits corresponds to a complete k-tuple
(P0, . . . , Pk−1) of mutually annihilating projection operators on H, that is, PiPj = δijPi and∑
i Pi = I. The projector Pi corresponds to getting the classical result i. If the system is in
state ρ and the measurement is made, we will see result i with probability pi = tr(Piρ) and in such
a case, the state collapses to PiρPi/pi. We will say that the measurement is binary if k = 2 and
trP0 = trP1 = 2
n−1.
A single-qubit projector with unit trace can always be expressed in the form (I + ~α · ~σ)/2 for
some unit vector ~α ∈ R3.
Clearly, any nondegenerate projective measurement on n qubits—that is, one where k = 2n and
trPi = 1 for all i—is equivalent to some sequence of n pairwise commuting binary projective mea-
surements, in that they yield the same classical information and resulting distribution of quantum
states. For example, a nondegenerate measurement (P0, P1, P2, P3) on two qubits is equivalent to
first measuring by (P0 + P1, P2 + P3) then by (P0 + P2, P1 + P3).
Definition 1 Let f : {0, 1}n → {0, 1} be a balanced Boolean function. A binary projective measure-
ment (P0, P1) on n qubits is f -separate if there exist n single-qubit binary projective measurements
(P
(1)
0 , P
(1)
1 ), . . . , (P
(n)
0 , P
(n)
1 ) such that for i ∈ {0, 1},
Pi =
∑
j1,... ,jn∈{0,1} : f(j1···jn)=i
P
(1)
j1
⊗ · · · ⊗ P (n)jn .
If this is the case, we denote the measurement (P0, P1) as f
[
(P
(1)
0 , P
(1)
1 ), . . . , (P
(n)
0 , P
(n)
1 )
]
. A
binary projective measurement is pseudoseparate if it is f -separate for some balanced f .
All but one of the measurements in our universal set are f -separate, where f is the parity
function ⊕ (exclusive OR). We can view an f -separate measurement intuitively as single-qubit
measurements combined in a classical way. For example, suppose n = 2 and we have two qubits
A and B belonging to Alice and Bob, respectively. Alice performs some projective measurement
(PA0 , P
A
1 ) on her qubit, getting the “classical” bit jA, and Bob independently measures his qubit
according to some (PB0 , P
B
1 ), getting jB . Alice and Bob communicate jA and jB to a third party,
Carol, who computes and outputs the classical bit f(jAjB). Thus the classical result of the whole
measurement is f(jAjB), and the resulting quantum state is the projection onto the subspace
consistent with this classical result.
It should be stressed that pseudoseparate measurements are not the same as truly separate
single-qubit measurements. The bits jA and jB communicated by Alice and Bob are not really
classical—Alice, Bob, and Carol are essentially quantum agents who must work in isolation from
the environment. If Alice and Bob shared their bits with the (macroscopic) environment, as is the
case with truly classical bits, then the degeneracy of the measurement would be lost, and we’d
get two classical bits as a result of two completely separate measurements. This would not do for
universal quantum computation, which needs to create entanglement between A and B. It is not
clear at this point whether pseudoseparate measurements are any easier to implement than other
3
projective measurements, but their mathematical simplicity is attractive nonetheless, and gives
some hope for an easier implementation.
For n ≥ 2, almost all n-qubit binary projective measurements are not pseudoseparate. This can
be seen by counting the number of continuous degrees of freedom for the two respective measurement
types. The number of complex degrees of freedom for an n-qubit binary projective measurement
is 22(n−1), the dimension of the Grassmann manifold G2n−1,2n(C) [Fuj01], whereas the number of
continuous degrees of freedom for an n-qubit pseudoseparate measurement is only n, i.e., one for
each single-qubit measurement (the choice of f is discrete and does not add to the continuous
degrees of freedom).
2.2 Nielsen’s Scheme
Here we briefly review Nielsen’s protocol for simulating an arbitrary n-qubit unitary gate U by
projective measurements, for n ∈ {1, 2} [Nie01]. The scheme is a generalization of simple quantum
teleportation [BBC+93].
We first consider the case for n = 1. We are given a single qubit state |ψ〉 and we wish to
produce U |ψ〉, at least up to a phase factor. First we prepare two ancilla qubits off line in one of
the four states
|Uj〉 = (I ⊗ Uσj) |EPR〉 = (I ⊗ U) |Bj〉 (3)
(for some j ∈ {0, 1, 2, 3}) by measuring in this basis. We then perform a Bell measurement (basis
{|B0〉 , |B1〉 , |B2〉 , |B3〉}) on the combined system of |ψ〉 and the first of the ancilla qubits, giving
a classical result m ∈ {0, 1, 2, 3} corresponding to |Bm〉. Each m occurs with probability 1/4
independent of j, and the resulting state of the second ancilla is then Uσjσm |ψ〉 ∝ Uσ[j,m] |ψ〉.
With probability 1/4, we have m = j and so we have succeeded in producing U |ψ〉 in the second
ancilla. If not, then we repeat the protocol, this time with input Uσjσm |ψ〉, attempting to simulate
the gate
U ′ = UσmσjU
†. (4)
(We can’t start over with |ψ〉, since this state may be difficult to produce in quantity.) Again, we
will produce U |ψ〉 with probability 1/4, but if not, we continue to repeat the process, each time
trying to undo the error of the last trial. Thus the expected number of trials before success is four.
For the case n = 2, we are given a two-qubit input state |ψ〉 and wish to simulate a two-qubit
unitary gate U . By a suitable projective measurement, we prepare four ancilla qubits off line in
one of the sixteen states
|Ujk〉 = (I12 ⊗ (U(σj ⊗ σk))34) |EPR〉13 |EPR〉24 = (I12 ⊗ U34) |Bj〉13 |Bk〉24 (5)
for some j, k ∈ {0, 1, 2, 3}. Relabel the qubits so that |ψ〉 is on qubits 1 and 2, and the first two
ancilla qubits are 3 and 4. We now do two separate Bell measurements, the first on qubits 1 and
3 giving the classical result m ∈ {0, 1, 2, 3}, and the second on qubits 2 and 4 giving the classical
outcome n ∈ {0, 1, 2, 3}. (Each combination (m,n) occurs with probability 1/16.) The resulting
state of the last two ancilla qubits will then be |ψ′〉 = U(σjσm⊗σkσn) |ψ〉. If (j, k) 6= (m,n)—which
occurs with probability 15/16—then the protocol is repeated with input state |ψ′〉, simulating
U ′ = U(σmσj ⊗ σnσk)U †,
and so on.
For any ǫ > 0, we need O(log 1ǫ ) trials to get a failure rate below ǫ.
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3 Main Results
We will now build our universal family of binary projective measurements. We consider the finite
universal family of gates containing only the C-NOT gate, the one-qubit Hadamard gate
H =
1√
2
[
1 1
1 −1
]
,
and the one-qubit π/8 gate
T = e−iπσ3/8 ∝
[
1 0
0 eiπ/4
]
[BMPR99, NC00]. We only need to show that these gates can be simulated using a finite set of
projective measurements. We first describe the case for single-qubit gates.
3.1 Simulating One-Qubit Gates
In order to run a single trial of Nielsen’s protocol to simulate a one-qubit gate U , we need a
Bell measurement and the complete binary measurement in the two-qubit basis states |Uj〉 of
Equation 3, which corresponds to projectors (|U0〉〈U0| , |U1〉〈U1| , |U2〉〈U2| , |U3〉〈U3|). Note that the
Bell measurement itself is just a special case of Equation 3 where U = I. We consider this special
case first, from which the general case can easily be derived.
Noting that
|EPR〉〈EPR| = 1
4
(I ⊗ I + σ1 ⊗ σ1 − σ2 ⊗ σ2 + σ3 ⊗ σ3),
it is routine to calculate each |Bj〉〈Bj| = (I ⊗ σj) |EPR〉〈EPR| (I ⊗ σj):
|B0〉〈B0| = (I + σ1 ⊗ σ1 − σ2 ⊗ σ2 + σ3 ⊗ σ3)/4
|B1〉〈B1| = (I + σ1 ⊗ σ1 + σ2 ⊗ σ2 − σ3 ⊗ σ3)/4
|B2〉〈B2| = (I − σ1 ⊗ σ1 − σ2 ⊗ σ2 − σ3 ⊗ σ3)/4
|B3〉〈B3| = (I − σ1 ⊗ σ1 + σ2 ⊗ σ2 + σ3 ⊗ σ3)/4
Whence, for any i ∈ {1, 2, 3} we get
Qi =df |B0〉〈B0|+ |Bi〉〈Bi| = I + γi(σi ⊗ σi)
2
,
where (γ1, γ2, γ3) = (1,−1, 1).
Each pair (Qi, I −Qi) is a binary projective measurement which we can express in ⊕-separate
form (⊕ is the parity function) as follows: Let PA = (I + ~α · ~σ)/2 and PB = (I + ~β · ~σ)/2 be
arbitrary one-qubit projectors with unit trace (~α = (α1, α2, α3) and ~β = (β1, β2, β3) are arbitrary
unit vectors in R3). Simplifying the equation
PA ⊗ PB + (I − PA)⊗ (I − PB) = Qi = I + γi(σi ⊗ σi)
2
(6)
yields the equivalent equation
~α · ~σ ⊗ ~β · ~σ = γi(σi ⊗ σi). (7)
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By the linear independence of the σj, there are only two possible solutions for ~α and ~β, namely,
αj = βj = 0 for j 6= i and (αi, βi) equals either (γi, 1) or (1, γi). We arbitrarily choose the latter of
these. (For i ∈ {1, 3} these two solutions are the same.) Thus we have
(Q1, I −Q1) = ⊕
[(
I + σ1
2
,
I − σ1
2
)
,
(
I + σ1
2
,
I − σ1
2
)]
(8)
(Q2, I −Q2) = ⊕
[(
I + σ2
2
,
I − σ2
2
)
,
(
I − σ2
2
,
I + σ2
2
)]
(9)
(Q3, I −Q3) = ⊕
[(
I + σ3
2
,
I − σ3
2
)
,
(
I + σ3
2
,
I − σ3
2
)]
. (10)
Applying any two of these measurements in sequence is equivalent to a Bell measurement.
For the case of a general one-qubit gate U , we define
Ri =df |U0〉〈U0|+ |Ui〉〈Ui| = (I ⊗ U)Qi(I ⊗ U †)
for i ∈ {1, 2, 3}. Similarly with Equation 6, we now solve
PA ⊗ PB + (I − PA)⊗ (I − PB) = Ri = I + γi(σi ⊗ UσiU
†)
2
, (11)
but here we express PB not as before but instead as (I +U(~β ·~σ)U †)/2, and we get the exact same
conditions on ~α and ~β as in Equation 7. Thus,
(R1, I −R1) = ⊕
[(
I + σ1
2
,
I − σ1
2
)
,
(
I + Uσ1U
†
2
,
I − Uσ1U †
2
)]
(R2, I −R2) = ⊕
[(
I + σ2
2
,
I − σ2
2
)
,
(
I − Uσ2U †
2
,
I + Uσ2U
†
2
)]
(R3, I −R3) = ⊕
[(
I + σ3
2
,
I − σ3
2
)
,
(
I + Uσ3U
†
2
,
I − Uσ3U †
2
)]
.
Applying any two of these measurements in sequence is equivalent to a measurement in the {|Uj〉}-
basis. We have shown the following:
Theorem 2 For any one-qubit unitary operator U , the projective measurement in the {|Uj〉}-basis
of Equation 3 is equivalent to the composition of the two ⊕-separate measurements
⊕
[(
I + σ1
2
,
I − σ1
2
)
,
(
I + Uσ1U
†
2
,
I − Uσ1U †
2
)]
and
⊕
[(
I + σ3
2
,
I − σ3
2
)
,
(
I + Uσ3U
†
2
,
I − Uσ3U †
2
)]
.
Theorem 2 also applies to the Bell measurement, where U = I. Another special case is when U
is one of the Pauli matrices σi for i ∈ {1, 2, 3}. For j ∈ {1, 3}, we have UσjU † = σiσjσi = (−1)δijσj .
This means that we are still doing essentially a Bell measurement, but we need to negate one or
both of the classical bits that are input to the ⊕ function (see Section 4). From now on, we will
refer to these measurements also as Bell measurements.
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We now consider what happens in Nielsen’s protocol when we try to simulate U over several
trials. For j, k, ℓ, . . . ∈ {1, 2, 3}, define the (unitary and Hermitian) operators
Uj = UσjU
†
Uj,k = UjσkUj
†
Uj,k,ℓ = Uj,kσℓUj,k
†
...
(Note that Uj and |Uj〉 mean entirely different things.) Suppose for the first trial we prepare state
|Uj〉 for some j ∈ {0, 1, 2, 3}, and our Bell measurement yields some m 6= j. Then on the second
trial we must simulate UσmσjU
† ∝ U[m,j] (cf. Equation 4). Suppose for the second trial we prepare
some
∣∣Uj′〉, and our Bell measurement yields some m′ 6= j′. Then on the third trial we must
simulate U[m,j],[m′,j′], and so on.
To simulate an arbitrary U there are potentially infinitely many gates Uj,k,ℓ,... that we may need
to try in order to succeed reliably. (For example, if U = eiθσ3 where θ is an irrational multiple of π,
then U2, U2,2, U2,2,2, . . . are all distinct.) Fortunately, for the two gates H and T in our universal
set, this is not the case. For the Hadamard gate, we have
H1 = Hσ1H = σ3
H2 = Hσ2H = −σ2
H3 = Hσ3H = σ1
so if we don’t succeed in the first trial, all subsequent trials will consist entirely of Bell measurements
(see the remark following Theorem 2). For the T gate, we have
T1 =
[
0 e−iπ/4
eiπ4 0
]
T2 =
[
0 −ie−iπ/4
ieiπ/4 0
]
T3 = σ3,
and
T1,1 = σ2
T1,2 = σ1
T1,3 = −σ3
T2,1 = −σ2
T2,2 = −σ1
T2,3 = −σ3,
so if we don’t succeed in the first two trials, all subsequent trials will use just Bell measurements.
3.2 Simulating the C-NOT Gate
Let U be an arbitrary 2-qubit unitary operator, and let |Ujk〉 be as in Equation 5. We have
|Ujk〉〈Ujk| = (I12 ⊗ U34)(|Bj〉13〈Bj | ⊗ |Bk〉24〈Bk|)(I12 ⊗ (U †)34).
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First we decompose the |Ujk〉 measurement into an equivalent series of four binary measurements
by adding up the projectors above in various ways. For j ∈ {0, 1, 2, 3} let
Qj =
3∑
k=0
|Ujk〉〈Ujk| (12)
=
3∑
k=0
(I12 ⊗ U34)(|Bj〉13〈Bj | ⊗ |Bk〉24〈Bk|)(I12 ⊗ U †34) (13)
= (I12 ⊗ U34)(|Bj〉13〈Bj| ⊗ I24)(I12 ⊗ U †34), (14)
and for k ∈ {0, 1, 2, 3} let
Rk =
3∑
j=0
|Ujk〉〈Ujk| (15)
= (I12 ⊗ U34)(I13 ⊗ |Bk〉24〈Bk|)(I12 ⊗ U †34) (16)
= I1 ⊗ (I2 ⊗ U34)(I3 ⊗ |Bk〉24〈Bk|)(I2 ⊗ U †34) (17)
We see that the measurement (R0, R1, R2, R3) only involves qubits 2, 3, and 4, and leaves qubit 1
alone. Composing this measurement with (Q0, Q1, Q2, Q3) above is equivalent to the complete
(nondegenerate) measurement in the {|Ujk〉}-basis.
Now let U be the C-NOT gate, i.e., U |ab〉 = |a〉 |a⊕ b〉 for a, b ∈ {0, 1}. Evidently,
U = U † =
1∑
b=0
|b〉〈b| ⊗ σb. (18)
Substituting Equation 18 into Equation 14 gives, after some calculation,
Qj = I2 ⊗
1∑
b=0
1∑
c=0
(σ[b,c])4 ⊗
[
(I1 ⊗ |b〉3〈b|)|Bj〉13〈Bj|(I1 ⊗ |c〉3〈c|)
]
,
and so, after more calculation,
Q0 +Q1 = I2 ⊗ (I134 + (σ1 ⊗ σ1 ⊗ σ1)134)/2, (19)
Q0 +Q3 = I24 ⊗ (|B0〉13〈B0|+ |B3〉13〈B3|). (20)
Equation 20 describes the second Bell measurement (U = I) of Theorem 2 on qubits 1 and 3 (qubits
2 and 4 are left alone). Equation 19 describes a measurement on qubits 1, 3, and 4 that can be
expressed in ⊕-separate form as
⊕
[(
I + σ1
2
,
I − σ1
2
)
,
(
I + σ1
2
,
I − σ1
2
)
,
(
I + σ1
2
,
I − σ1
2
)]
, (21)
which is clearly symmetric under permutation of qubits.
Adding the Rk in two different pairs gives our other two binary measurements. Ignoring qubit 1,
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Equation 17 becomes(
I2 ⊗
1∑
b=0
|b〉3〈b| ⊗ (σb)4
)(
1∑
c=0
|c〉3〈c| ⊗ |Bk〉24〈Bk|
)(
I2 ⊗
1∑
d=0
|d〉3〈d| ⊗ (σd)4
)
=
∑
b,c,d
(I2 ⊗ |b〉3〈b| ⊗ (σb)4) (|c〉3〈c| ⊗ |Bk〉24〈Bk|) (I2 ⊗ |d〉3〈d| ⊗ (σd)4)
=
∑
c
|c〉3〈c| ⊗ [(I2 ⊗ (σc)4) |Bk〉24〈Bk| (I2 ⊗ (σc)4)]
=
∑
c
|c〉3〈c| ⊗
∣∣B[c,k]〉24〈B[c,k]∣∣.
So,
R0 +R1 = I1 ⊗ [|0〉3〈0| ⊗ (|B0〉24〈B0|+ |B1〉24〈B1|) + |1〉3〈1| ⊗ (|B1〉24〈B1|+ |B0〉24〈B0|)]
= I13 ⊗ (|B0〉24〈B0|+ |B1〉24〈B1|) ,
and thus (R0 +R1, R2 +R3) is the measurement
⊕
[(
I + σ1
2
,
I − σ1
2
)
,
(
I + σ1
2
,
I − σ1
2
)]
(22)
of Equation 8 on qubits 2 and 4. In the same way, we get
R0 +R3 = I1 ⊗ [|0〉3〈0| ⊗ (|B0〉24〈B0|+ |B3〉24〈B3|) + |1〉3〈1| ⊗ (|B1〉24〈B1|+ |B2〉24〈B2|)] ,
and so, using Equation 10, we see that (R0 +R3, R1 +R2) is the measurement
⊕
[
(|0〉〈0|, |1〉〈1|) ,
(
I + σ3
2
,
I − σ3
2
)
,
(
I + σ3
2
,
I − σ3
2
)]
(23)
= ⊕ [(|0〉〈0|, |1〉〈1|) , (|0〉〈0|, |1〉〈1|) , (|0〉〈0|, |1〉〈1|)] (24)
= ⊕
[(
I + σ3
2
,
I − σ3
2
)
,
(
I + σ3
2
,
I − σ3
2
)
,
(
I + σ3
2
,
I − σ3
2
)]
, (25)
which is just the parity of qubits 2, 3, and 4.
Just as in the one-qubit case, if one attempt to simulate U fails, we need to simulate a gate of
the form U(σ[j,m] ⊗ σ[k,n])U † on the next attempt, for some (m,n) 6= (j, k). In the case of C-NOT,
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we will always get back to simulating the tensor product of Pauli matrices:
U(σ0 ⊗ σ0)U = I ⊗ I
U(σ0 ⊗ σ1)U = I ⊗ σ1
U(σ0 ⊗ σ2)U = σ3 ⊗ σ2
U(σ0 ⊗ σ3)U = σ3 ⊗ σ3
U(σ1 ⊗ σ0)U = σ1 ⊗ σ1
U(σ1 ⊗ σ1)U = σ1 ⊗ I
U(σ1 ⊗ σ2)U = σ2 ⊗ σ3
U(σ1 ⊗ σ3)U = −σ2 ⊗ σ2
U(σ2 ⊗ σ0)U = σ2 ⊗ σ1
U(σ2 ⊗ σ1)U = σ2 ⊗ I
U(σ2 ⊗ σ2)U = −σ1 ⊗ σ3
U(σ2 ⊗ σ3)U = σ1 ⊗ σ2
U(σ3 ⊗ σ0)U = σ3 ⊗ I
U(σ3 ⊗ σ1)U = σ3 ⊗ σ1
U(σ3 ⊗ σ2)U = I ⊗ σ2
U(σ3 ⊗ σ3)U = I ⊗ σ3.
Therefore, only Bell measurements will be needed after the first attempt.
4 Summary of Measurements
In this section we review the collection of measurements that we have shown to be universal for
quantum computation. For our pseudoseparate measurements, we have used only four single-qubit
measurements in various combinations:
X0 =df (I + σ1)/2 = H |0〉〈0|H = 1
2
[
1 1
1 1
]
(26)
Y0 =df (I + σ2)/2 =
1
2
[
1 −i
i 1
]
(27)
Z0 =df (I + σ3)/2 = |0〉〈0| =
[
1 0
0 0
]
(28)
W0 =df (I + T1)/2 =
1
2
(
I +
σ1 + σ2√
2
)
=
1
2
[
1 e−iπ/4
eiπ/4 1
]
. (29)
Define X1, Y1, Z1, and W1 to be I −X0, I − Y0, I − Z0, and I −W0, respectively.
Bell Measurements. A Bell measurement is equivalent to
⊕ [(X0,X1) , (X0,X1)] and ⊕ [(Z0, Z1) , (Z0, Z1)] (30)
applied in succession (cf. Theorem 2).
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Simulating Pauli Matrices. Off-line preparation for the first trial simulating a Pauli matrix
requires
⊕ [(X0,X1) , (X0,X1)] and ⊕ [(Z0, Z1) , (Z1, Z0)] for σ1, (31)
⊕ [(X0,X1) , (X1,X0)] and ⊕ [(Z0, Z1) , (Z1, Z0)] for σ2, (32)
⊕ [(X0,X1) , (X1,X0)] and ⊕ [(Z0, Z1) , (Z0, Z1)] for σ3. (33)
By the remark following Theorem 2, we refer to these also as Bell measurements. Any subsequent
trial needed to simulate σi then requires only Bell measurements.
Simulating H. Off-line preparation for the first trial simulating H requires
⊕ [(X0,X1) , (Z0, Z1)] and ⊕ [(Z0, Z1) , (X0,X1)], (34)
applied in succession, again by Theorem 2. Subsequent trials need only Bell measurements.
Simulating T . Off-line preparation for the first trial simulating T requires
⊕ [(X0,X1) , (W0,W1)] and ⊕ [(Z0, Z1) , (Z0, Z1)], (35)
by Theorem 2, using the fact that Tσ3T
† = T3 = σ3. The second trial simulating T must simulate
either T1, T2, or T3. Simulating T1 requires
⊕ [(X0,X1) , (Y0, Y1)] and ⊕ [(Z0, Z1) , (Z1, Z0)], (36)
since T1σ1T1
† = T1,1 = σ2 and T1σ3T1
† = T1,3 = −σ3. Simulating T2 requires
⊕ [(X0,X1) , (Y1, Y0)] and ⊕ [(Z0, Z1) , (Z1, Z0)]. (37)
Simulating T3 and any subsequent trials require only Bell measurements.
Simulating C-NOT. Off-line preparation for the first trial simulating C-NOT requires the mea-
surement (
I + σ1 ⊗ σ1 ⊗ σ1
2
,
I − σ1 ⊗ σ1 ⊗ σ1
2
)
= ⊕ [(X0,X1) , (X0,X1) , (X0,X1)] (38)
on qubits 1, 3, and 4 (Equations 19 and 21) and a Bell measurement on ancilla qubits 1 and 3
(Equation 20), together with
⊕ [(X0,X1) , (X0,X1)] (39)
on qubits 2 and 4 (Equation 22), and
⊕ [(Z0, Z1) , (Z0, Z1) , (Z0, Z1)] (40)
on qubits 2, 3, and 4 (Equation 25). All other measurements are Bell measurements.
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5 Further Work
We have shown that three-qubit, ⊕-separate measurements suffice for universal quantum compu-
tation. Do two-qubit measurements suffice?
We have also shown that two-qubit pseudoseparate measurements (to simulate arbitrary one-
qubit gates), together with a fixed finite set of two- and three-qubit pseudoseparate measurements
(to implement C-NOT), suffice to exactly simulate any unitary operator A on n-qubits (see [NC00]
for example). However, for a given A, it may be the case that an infinite family of measurements
are needed to simulate A exactly with probability 1, using Nielsen’s scheme. Perhaps there is
an alternate scheme whereby for every A there is a fixed finite set of measurements sufficient to
simulate A exactly with probability 1.
Another interesting avenue of research is to see whether various quantum algorithms can be
made to tolerate errors in their gates of the form of a failed single trial of Nielsen’s protocol. For
example, a one-qubit U -gate may actually apply Uσj for some (classically known) j ∈ {0, 1, 2, 3}
with uniform probability. Perhaps useful computations can be done despite this nondeterminism,
in which case, we would not need to have repeated trials of Nielsen’s protocol when implementing
such algorithms.
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